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PRODUCTS OF RESIDUE CURRENTS OF 
CAUCHY-FANTAPPIE-LERAY TYPE 


ELIZABETH WULCAN 


Abstract. With a given holomorphic section of a Hermitian vec¬ 
tor bundle, one can associate a residue current by means of Cauchy- 
Fantappie-Leray type formulas. In this paper we define products 
of such residue currents. We prove that, in the case of a complete 
intersection, the product of the residue currents of a tuple of sec¬ 
tions coincides with the residue current of the direct sum of the 
sections. 


1. Introduction 


Let / be a holomorphic function defined in some domain in C” and 
let V = f~^(0). Then there exists a distribution [/ such that fU = 1, 
as shown by Schwartz |Tlj. For example, one can let U be the principal 
value distribution [1//], dehned as 



The existence of this limit was proven by Herrera and Lieberman, jH], 
using Hironaka’s desingularization theorem. By the Mellin transform, 
see for example ^2] , one can show that the limit is equal to the analytic 
continuation to A = 0 of 



( 1 . 1 ) 


The residue current associated with / is defined as d[l/f]] it has sup¬ 
port on Y and its action on a test form 0 G is given by the 

analytic continuation to A = 0 of 



This paper concerns products of residue currents. Recall that it is in 
general not possible to multiply currents (or distributions). However, 
given a tuple of holomorphic functions / = (/i,...,/m), by certain 
limiting processes one can give meaning to the expression 



( 1 . 2 ) 
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as was first done by Coleff and Herrera, jB]. By the Mellin transform, 
this so called Coleff-Herrera current, denoted by can be realized 

as the analytic continuation to A = 0 of 

(1.3) a|/il“yA...Aa|/„|“-^. 

Jl Jm 

In case / dehnes a complete intersection, that is, the codimension of 
Y = is m, then has especially nice calculus properties. For 

example fiRcj^ = 0 for all i, see ^I], which yields one direction of 
the duality theorem, due to Passare, uni, and Dickenstein-Sessa, H], 
that asserts that if / is a complete intersection, then a holomorphic 
function (p belongs to the ideal (/) if and only if ^Rqu = 0. 

In ^2] Passare, Tsikh and Yger introduced an alternative approach 
to multidimensional residue currents by constructing currents based 
on the Bochner-Martinelli kernel. For each ordered index set X C 
{!,..., m} of cardinality k, let R^ be the analytic continuation to A = 0 
of 

e=i 

where |/p = |/ip |/mP- Then Rj is a well-dehned (0, fc)- 

current with support on Y, that vanishes whenever k < codim Y or 
k > min(m, n). If / is a complete intersection, there is only one non¬ 
vanishing current, namely which corresponds to the classical 

Bochner-Martinelli kernel and which we denote by Rbm- Then we have 
the following result. 

Theorem 1.1 (Passare, Tsikh, Yger ^2])- Assume that f is a complete 
intersection. Then 

pf _ p/ 

The Bochner-Martinelli residue currents Rj have been used for in¬ 
vestigations in the non-complete intersection case; for example, in j2], 
Berenstein and Yger used them to construct Green currents. 

Based on the work in PI Andersson, P, introduced more general 
globally dehned residue currents by means of Cauchy-FantappiYLeray 
type formulas. Let us briefly recall his construction. Assume that / 
is a holomorphic section of the dual bundle E* of a holomorphic m- 
bundle E ^ X over a complex manifold X. On the exterior algebra 
over E we have mappings 6f : A^~^^E —>■ A^E of interior multiplication 
by /, and Sj = 0. Let £’o,fc(X, A^X') be the space of smooth sections of 
the exterior algebra of E* © which are (0, /c)-forms with values in 
A^E, and let Xg ^(X, A^E) be the corresponding space of currents. The 
mappings 6f extend to these spaces, where it anti-commutes with B. 
Thus Vqi^{X,A^E) is a double complex and the corresponding total 
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complex is 


r—1 


{X,E)-^U{X,E) 


where L^{X,E) = and Vf = Sf 

rior product, A, induces a mapping 

A : U{X,E) X U{X,E) U+^{X,E) 


d. The exte- 


when possible, and V/ is an antiderivation with respect to A. 

If is a holomorphic function such that is </9 = V/u for some 
V E L~^{X,E), one can prove, provided X is Stein, that there is a 
holomorphic solution -0 to the division problem XlV'j/j = Anders- 
son’s idea to hnd such a v was to start looking for a solution to V/m = 1. 
Assume that E is equipped with some Hermitian metric and let s be 
the section of E with pointwise minimal norm such that 6fS = |/p and 
let 


u 


f - 


s 

VfS 


s 

6fS — ds 


E 


s A {dsY ^ 

(SfsY 


E 


s A (9s)^ ^ 


be the Cauchy-Fantappie-Leray form, introduced in j2] in order to con¬ 
struct integral formulas in a convenient way. Clearly E is well- 
dehned outside Y and since V/s is of even degree the expression s/V/s 
makes sense, and it follows that X fU-^ = 1 outside Y. In P] it is 
proved that the form has an analytic continuation as a current 

to Re A > —e. The value at A = 0, denoted by UY yields an extension 
of U'f over Y. In analogy with the one function case, we will sometimes 
refer to as the principal value current. Clearly, if E 7^ 0, can 
not fulhll XfU^. In fact, XfU^ = 1 — RY where A uY\=o 

now dehnes the residue current of /. It holds that 
where Rj E Vq j{X, AY, p = codimE and p = min(m, n). Moreover, 
if = 0, then v = Uf yields the desired solution to XfV = ip and 
thus ip belongs to the ideal generated by / locally. 

If £' is a trivial bundle endowed with the trivial metric, the coeffi¬ 
cients of R-^ will actually be the Bochner-Martinelli currents If / is 
a complete intersection, the only nonvanishing coefficient will be R^m- 

Our hrst goal is to dehne products of currents of the type f/-^ and RR 
Let us consider (El. If we assume that each /j is a section of the dual 
bundle E* of a line bundle Ei with frame Cj and dual frame e*, the 
Cauchy-Fantappie-Leray form is just ej//j, so in fact (II.dB times 
the element ci A ... A can be expressed as 

(1.4) a|/i|2^ Am^i A... Am^A 


In light of this, it is most tempting to extend this product to include 
not only sections of line bundles but sections /* of bundles of arbitrary 
rank. To be more accurate, we assume that /* is a section of the dual 
bundle of a holomorphic mj-bundle E^ X. Further, we assume that 
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each Ei is equipped with a Hermitian metric, we let s* be the section 
of Ei of minimal norm such that 5f^Si = |/jp, and we let be the 
corresponding Cauchy-Fantappie-Leray form. Then dH has meaning 
as a form taking values in the exterior algebra over E = Ei® ■ ■ ■ ® E^. 
Thus, in accordance with the line bundle case, we can take the value at 
A = 0 of ()1.4j) as a dehnition of i?h/\ .aR^^ , provided that the analytic 

continuation exists. However, this is assured by Proposition II .21 where 
products are dehned also of principal value currents. 

Proposition 1.2. Let fi be holomorphic sections of the Hermitian 
mi-bundles E* —>■ X. Let he the corresponding Cauchy-Fantappie- 
Leray forms and let Yi = /~^(0). Then 

(1.5) A H-^ Ifrl'^^u-^^ A.. .A\fs+i\‘^^u^'’~^^Ad\fs\‘^^Au-^‘A.. .Ad\fi\‘^^Au'^^ 

has an analytic continuation as a current to X > —e. 

We define T = Lf^^ A ... AR^‘ A ... yalue at X = Q. 

Then T has support on ni=i *■3 alternating with respect to the 

principal value factors Lfh and symmetric with respect to the residue 
factors . 

Of course there is nothing special about the ordering that we have 
chosen; we can just as well mix t/’s and i?’s. 

If the bundle E is trivial, endowed with the trivial metric, and more¬ 
over if /i © • • • © /^ is a complete intersection, then RC A ... A -vyin 
consist of only one term, which can be interpreted as a product of the 
corresponding Bochner-Martinelli currents R^m- general, however, 
there will also occur terms of lower degree. 

Proposition 1.3. Let 

T = A ... A A Rf‘ A ... A R^^ 

he defined as above. Let m = mi + ... + m^- Then T = Tp + ... + Tq, 
where Ti G V'^filYE), p = codim Yi fl ... fl Y), and q = min(m, n). 
In particular, if f = fi ® ■ ■ ■ ® fr is a complete intersection, then 
R^'" A ... A Ri^^ consists of only one term of top degree m. 

Our next aim is to prove a generalized version of Theorem ll.il Since, 
in the particular case when the bundles Ei are all line bundles, the 
current a ... A is just the Coleff-Herrera current of / times 
Cl A ... A Cr, we can formulate the equivalence in the theorem as 

(1.6) = R^^ A ... A R^\ 

Now, the obvious question is, does this equality extend to hold for 
sections of vector bundles of arbitrary rank. Our main result states 
that this is indeed the case. 

Theorem 1.4. Let fi be holomorphic sections of the Hermitian mi- 
bundles E* and let f be the section fi® ■ ■ ■ ® fr of E* = E^ ® ■■■ ® Efi 
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If f is a complete intersection, that is, codim/“^(O) = mi + ... + m^, 
then 

rI = A ... A rR. 

That is, in a local perspective, given a tuple of functions split into 
subtuples, the product of the Bochner-Martinelli currents of each sub¬ 
tuple is equal to the Bochner-Martinelli current of the whole tuple of 
functions. We give an explicit proof of Theorem 11.41 based on the exis¬ 
tence of two V/-potentials. 

Theorem 1.5. Let / = /i©- • -©/r be a section of E* = ■ •©£'*. 

Assume that f is a complete intersection. Then there exists a current V 
such that 

(1.7) VfV = 1-RR A...ARR, 
and furthermore a current AV such that 

( 1 . 8 ) Vf{U^AV) = V-Uf. 

At hrst it might seem a bit peculiar to denote the second potential 
by AV . However, notice that on a formal level, if we were allowed to 
multiply currents so that V/ acted as an antiderivation on the products, 
then 

V/(t/'^ AV) = {I - Rf) AV - A {I - RR A ... A RR), 

since uf is of odd degree. From Proposition 11.81 we know that R^ and 
RR a ... a RR take values in A'^E, since / is a complete intersection. 
But since V and have positive degree in Cj it is reasonable to expect 
the products V A R^ and A RR A ... A RR to vanish. Thus we are 
left with V — IJh, and the notation is motivated. 

Proof of Theorem o Recall that VfU^ = 1—Rl. Hence, applying V/ 
twice to JJh AV yields 

0 = Vj([/^ AV) = Vf{U^ -V) = RR A...ARR - Rf, 

and thus we are done. □ 

The disposition of this paper is as follows. In Section |21 we give 
proofs of Proposition 11.21 and Proposition 11.31 In Section IHl we prove 
Theorem 11.51 Finally, in Section HI we give an example of products of 
Cauchy-Fantappie-Leray currents and also discuss a possible general¬ 
ization of Theorem oi 

2. Products of residue currents of 
Cauchy-Fantappie-Leray type 

We start with the proof of Proposition II .21 For further use a slightly 
more general formulation is appropriate. Indeed, the proof of Theo¬ 
rem o requires a broader definition of products of currents. We need 
to allow also products of currents of sections of the bundle E, that 
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are not necessarily orthogonal, at least in certain cases. Thus we give 
a new, somewhat unwieldy, version of Proposition 11.21 that however 
covers all the currents that we will be concerned with. 

By the notion that a form (or current) is of degree k in dzj^ we will 
just mean that it is a (•, /c)-form. In the same manner, we will say that 
a form is of degree £ in Cj when it takes values in K^E. 

Proposition 2.1. Let / = /i © ... © /r be a holomorphic section of 
the bundle E* = El ® ■■■ ® E^, where E* is a Hermitian mi-bundle. 
For a subset I = {Ii, ..., Ip} of {1,, r}, let fj denote the section 
//i © ... © fip of E} = Ef © ... © E}^, let be the corresponding 
Cauchy-FantappiELeray form, let Yj = ff^{t)), and let mi = + 

... + mip. If ..., F are subsets of {1,..., r}, then 
(2.1) 

A... A /\d\fis\^^/\u^^‘ A... A9|//i 

has an analytic continuation to X > —e. 

We define T = A ... A a A ... A as the value 

at X = 0. Then T has support on ni=i alternating with 

respect to the principal value factors U and commutative with respect 
to the residue factors R. 

Note that Proposition 11.21 corresponds to the particular case when 
each P is just a singleton. The proof of Proposition 12.11 is very much 
inspired by the proof of Lemma 2.2 in [in] and Theorem 1.1 in p. 
It is based on the possibility of resolving singularities by Hironaka’s 
theorem, see |S|, and the following lemma, which is proven essentially 
by integration by parts. 

Lemma 2.2. Let v be a strictly positive smooth function in C, ip a test 
function in C, and p a positive integer. Then 

, f X , i 2 a / .ds Ads 

X^ J ^;^|s|2A<^(s)_— 

and 

both have meromorphic continuations to the entire plane with poles 
at rational points on the negative real axis. Tf A = 0 they are both 
independent ofv, and the second one only depends on the germ of ip at 
the origin. Moreover, if ip{s) = sif{s) or ip = ds Afj, then the value of 
the second integral at X = 0 is zero. 

Proof of Proposition \2. /I We may assume that the bundle E = Ei® 

■ ■ ■ ® Ep is trivial since the statement is clearly local. Note that 
fi = Yh where e* j is the trivial frame. The proof is based on 

the possibility to resolve singularities locally using Hironaka’s theorem. 
Given a small enough neighborhood W of a given point in X there exist 
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a n-dimensional manifold lA and a proper analytic map Wh \IA ^ lA 
such that if Z = {Hi j = 0} Z = (Z), then If : IA\Z IA\Z 

is biholomorphic and such that moreover Z has normal crossings in lA. 
This implies that locally in lA we have that Ulfij = aijfiij, where aij 
are non-vanishing and /ijj are monomials in some local coordinates r^. 
Further, given a hnite number of monomials fii..., fim in some coor¬ 
dinates Tfc dehned in an n-dimensional manifold lAt, there exists a toric 
manifold lAt and a proper analytic map lit - ^ such that 11^ is bi¬ 

holomorphic outside the coordinate axes and moreover, locally it holds 
that, for some i, flJ'/Xj divides all flJ'/Xj, see jl] and jH]- Clearly, if /Xj 
divides in lAt then n*/rj divides in lAt- Thus after a number, 

say g, of such toric resolutions lit. we can locally consider each sec¬ 
tion fji as a monomial times a non-vanishing section. More precisely 
we have that n*//i = fiif'ji, where If = o ■ • • o Ilij o II/i, /Xj is a 
monomial and fji is a non-vanishing section of E*ji. 

Let 0 be a test form with compact support. After a partition of 
unity we may assume that it has support in a neighborhood lA as above. 
Then, since II/j is proper, the support of 11^0 can be covered by a hnite 
number of neighborhoods in which it holds that 11^0 = ajj/Xjj. If -0 
is a test form with support in such a neighborhood, then the support 
of n00 can be covered by hnitely many neighborhoods in which we 
have the desired property that the pull-back of one monomial divides 
some of the other ones, and so on. Thus, for Re A > 2 max, ru/i, m 
is in and since If is biholomorphic outside a set of measure zero 
we have that 

J A.. .A\fjs+i\‘^^u-^i’‘+^ Ad\fis\‘^^ A.. .Ad\fji\‘^^Au'^i^ A0 

is equal to a hnite number of integrals of the form 

( 2 . 2 ) 

J A.. .A\fis+i\‘^^u^i‘’+^ Ad\fis\‘^^Au-^^° A.. .A0|//i |^^Am-^^0A 0. 

Here 

0 = p,,n;(...p,,n;(p,n;(0))), 

where the p,’s are functions from some partitions of unity, so that 
the test form 0 has support in a neighborhood where it holds that 
n*/p = p-j/0- In such a coordinate neighborhood the pullback of sp 
is Jli times a smooth form, so that n*(sp A {dsjiY~^) is times a 
smooth form. Moreover Il*\fp\‘^ = |/ijpaj, where Oj is a strictly positive 
smooth function. Thus 
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where are smooth forms taking values in and so (Q is equal 
to a hnite sum of integrals 

(2.3) [ A ... A 

J l^s+l 

A A ... A ad/xip^a^) A A 0. 
K hi 

Expanding each factor d{\^j\^^a^) by Leibniz’ rule results in a hnite 
sum of terms. Letting d fall only on the monomials fii yields integrals 
of the form 

(2.4) [ a^l/rf^—A^lafd^A... AaK|2^A0, 

J hn 

where cxj is one of the coordinate functions Tj that divide iii, a = at ■■■ ai 
is a strictly positive smooth function, p' and are monomials in tj 
not divisible by any cxj and an = Cat^i^ A ... A is a smooth form, 
where C is just a constant that depends on the relation between qt and 
the number of cjj’s in /ij. The remaining integrals, that arise when d 
falls on any of the a*, vanish in accordance with Lemma 12.21 Indeed, 
consider one of the integrals obtained when d falls on oi, 

A f A A ... A A Bai A 

J l^L 

This is just A times an integral of the form (EH, so provided that we 
can prove the existence of an analytic continuation of Q , it must 
clearly vanish at A = 0. 

Now an application of Lemma 12.21 for each that divides any of 
the /Xj’s gives the desired analytic continuation of (12.4j) to A > —e. 
Note that for ui,... ,crs we get integrals of the second type, for the 
remaining r* integrals of the first type, so that the value at A = 0 is a 
current with support on {cTs = 0} fl ... fl {ai = 0}. Thus the value of 
(I2H at A = 0 has support on 

= 0} n... n {/ii = 0} = E/s n... n Yji, 

where Y, = Ll”^ Y,, and accordingly A... A t/A^+i a A... A 
is a current with support on Yjs fl... fl L/i. 

Since the form is alternating with respect to the factors |//i 
and symmetric with respect to the factors Al/pp'*'AuAy it follows that 
f/A* A ... A f/A»+i A /?Ao A ... A /?Ai is alternating with respect to 
the principal value factors and symmetric with respect to the residue 
factors. □ 

We continue with the proof of Proposition 11.31 
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Proof of Proposition^^ Notice that is the analytic continuation to 
A = 0 of the terms 



where 



and the total degree in dzj (that is + ... + f + s) is 

Following the proof of Proposition I2.1L a term of the form (I2.5j] . 
integrated against a test form is equal to a sum of terms like 



( 2 . 6 ) 


where the Q!j/ 2 s are smooth forms of degree in Cj, the afs are non¬ 
vanishing functions, the /ids are monomials in some local coordinates Tj 
and 0 is as in the previous proof. We can hnd a toric resolution such 
that locally one of /ii,..., /i^ divides the other ones, so without loss of 
generality we may assume that /ii divides fi 2 , ■ ■ ■, Ps- 

We expand 9(|/iip^a^) by Leibniz’ rule. Observe that when d falls 
on the integral vanishes as in the proof of Proposition 12.1 1 and thus it 
suffices to consider the case when B falls on one of the tj that divide pi, 
say on I crp^. If £ < p, we claim that this part of (ESD vanishes when 
integrating with respect to a. In fact, we may assume that 0 = fjAdzj, 
where 0/ is an (n, 0)-form and dzj = dzj^ A ... A dzj^_^. Now dzj van¬ 
ishes on the variety Fi O ... fl W of codimension p for degree reasons. 
Consequently Il*{dzi) vanishes on Yi fl ... fl W, and in particular on 
{a = 0}. However, this is a form in dfk with antiholomorphic coeffi¬ 
cients since H is holomorphic, and therefore each of its terms contains 
a factor da or a factor d. Indeed, if 'h(r) is a form in dfk with anti¬ 
holomorphic coefficients we can write 


'l/(r) = 'l/'(r) A her -I- 


where 'h"(r) does not contain da. The hrst term clearly vanishes on 
{a = 0} since da does. If T(r) vanishes on {a = 0}, then \k"(r) 
does, and hence it contains a factor a due to antiholomorphicity. In 
both cases the cr-integral, and thereby (Hi, vanishes according to 


Lemma 1221 


□ 


3. The complete intersection case 


If / = /i ,/2 dehnes a complete intersection, then 
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is holomorphic at A = 0, see |T2], as was first proven by Berenstein and 
Yger. Although not yet satisfactorily proven the result is believed to 
extend to any finite number of functions /j. 

Thus, taking a closer look at the definition of the currents in Propo¬ 
sition E2l (and Proposition 12.Ij) a natural question is whether 

(3.1) t{X) := A A ... A A 

is holomorphic in A. 

In general, letting A tend to 0 along different paths yields different 
currents as shown by the following example. Let /i = Zi and /2 = ^12^2 
in and consider t(A) acting on a test form 0 = (^(^i, Z 2 ) dzi A dz 2 

r d\h\^^^xd\f2?^- ^ r xd\z,z2\^^- ^ 

J / 1/2 J Z‘fz2 

As A tends to zero the integral approaches the value Ai/(Ai-|-A2)v72i (0, 0). 
Thus the value at 0 depends on the ratio between Ai and A2. 

In case we have two functions defining a complete intersection though, 
this phenomenon does not occur. By an integration by parts, we can 
write t(A) integrated against a test form 0 as 


J A A uA /\ 

After a resolution of singularities this is equal to a sum of integrals of 
the form 

f A 5(b.l“'aA) A ^ A 5 

according to the proof of Propo.sition 12.11 Let a be one of the coordinate 
functions that divides /ii. If fi 2 does not contain a, then the cx-integral 
is clearly independent of A. If fi 2 does contain a, at first we seem to end 
up in a situation similar to the one above, where the result at A = 0 
depends on the relation between Ai and A2. However, the a-integral 
vanishes for the same reason as vanishes when i < p in the proof 
of Proposition 11.31 Thus, in this case, the definition of the current 
T = t(A)|A=o is robust in the sense that it does not depend on the 
particular path along which A tends to zero. 

Provided that the Mellin transform of the residue integral is holo¬ 
morphic in A in a neighborhood of 0 G C*”, it is reasonable to believe 
that also t(A) is. Presuming this to be true, we can give a soft proof 
of Theorem 11.41 based on Theorem 11.11 Indeed, if / = YIT fj^*j ^ 
section of a bundle E* we let 

^cflW — A , 


^chW = A ... A d\fm\'^^^, 


2A 


/l 


fn 


and 
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where CFL and CH oi course stand for Cauchy-Fantappie-Leray and 
Coleff-Herrera, respectively. With this notation the equality in Theo¬ 
rem o can be expressed as 

(3.2) tQpi^{X)\\=o = tQjj{X)\x=o- 

Now let / and g be sections of the bundles and E 2 , respectively, 
and assume that / © (7 is a complete intersection. By dehnition, 

A = tppp{X) A tp,pp{X)\x=o, 

and 

= (SUAjlA-o. 

so we need to prove that 

^cflW ^ ^cflW\>'=o = t^j^{X)\x=0- 
If Re A 2 is large enough, tQpp{X 2 ) is in and so by (HI 

^CFl('^i) ^ ^CFl('^2) |ai= 0 = ^cn('^l) ^ ^CFl('^ 2) I Ai=0) 

and analogously, if Re A 1 is large enough 

^Cn('^l) ^ ^CFl('^2) |a 2=0 = ^cn('^l) ^ ^Cr('^2) I A2=0- 

Now, by assumption 

(Ai, A 2 ) I—»• t{{Xi) A tl{X2), 

where • stands for either CEL or CH, is holomorphic at the origin, 
and thus it follows that 

^CFii^) ^ ^cfl('^)U=o = ^cni^) ^ ^c:r('^)U=05 

but the right hand side is, by ()d.2jl . equal to t^®^(A)|A=o, and so we 
obtain Theorem 01 for r = 2. However, the argument easily extends 
to arbitrary r. 

The way we actually prove Theorem 11.41 that is, as already an¬ 
nounced, by Theorem II.5L is more direct and relies neither on the 
holomorphicity of the Mellin transform nor on Theorem 11.11 The proof 
is inspired by Proposition 4.2 in P], in which potentials were used to 
prove Theorem 11.11 Our hope is that this construction of potentials 
will be of use for further investigations in the case of a non-complete 
intersection. 

Proof of Theorem E3 We let 

V = Uf^ + A R^^ + ARf^ ARf^ + ... + A A ... A R^K 
To motivate this choice of V, note that on a formal level 

(3.3) A A ... A R^^) = R^^-^ A ... A A ... A R^b 

so that 

V/R = 1 - R-^" A ... A R-^b 
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Indeed, observe that V/ acts on just as so that V= 
1 — . Thus, to prove the hrst claim of the theorem we have to make 

this computation legitimate. 

First, notice that if a form ^(A), depending on a parameter A, has 
an analytic continuation as a current to A = 0, then clearly V fA{X) 
has one. The action on a test form 0 is given by 

± j A{X)AVf^. 

However, by integration by parts with respect to V/ and due to the 
uniqueness of analytic continuations, this is equal to 

j V fA{X) A 0. 

To be able to perform the integration by parts in a stringent way we 
have to regard the currents T G as functionals on 

Vn,n-k{A'^~^E A A^E*). So far we have been a little sloppy about this. 
Thus, to compute V fV we consider the form 

A A + ... 

... + A d\fr-l\^^ A A ... A A u^\ 

since, by definition, n^|A=o = V, and accordingly V/H = (V/n'^)|A=o- 
More precisely, to verify (HI, let us consider (recall that V = 1) 

V/d/.l'V^ A A A ... A Auf^) = 

— A A d\fi-i\^^ A A ... Ad\fi\^^ A + 

A A ... A ai/id" A + 7^, 
where 7?. is a sum of terms of the form 

l/d'V* A A A ... A A ... A d\h\^^ A u^\ 

that arise when V/ falls on any wb, j < i. The value at A = 0 of 
the hrst term is just —/\ A ... A and it follows from 

Lemma rd.ll that the second term has an analytic continuation to A = 0 
equal to i?h-i a ... A RA . The remaining terms, TZ, vanish according 
to Lemma Id.dl Thus (HID is proved, and thereby the hrst part of the 
theorem. 

Furthermore, let 

AV = Uf ARA +U^ A RA a RA + 

rI jjh ^RA f\flh jjfr ^ A ... A RA. 

We compute V/ of each term. To do this we use a form as above 
whose analytic continuation to A = 0 is equal to this particular current. 
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Now, we actually need the extended version of Proposition 11.21 that is 
Proposition 12.11 Indeed, consider 

V/(|/pV A l/.pv* A A A ... A A = 

— d\f\'^^ Au-^ A A A A ... A A + 

|/P"|/*PV' A a|/,_i|2^ A A ... A d\fi\^^ A u^^ + 

Ad\fi\‘^^ A A d\fi-i\^^ A A ... A d\fi\^^ A 

- I/PV A |/,|2" A a|/,_i|2" A A ... A d\h\^^ A uf^ + 

l/pV A7^. 

The hrst term corresponds to —R^ A A i?h-i a ... A . Since / is a 
complete intersection and R^ therefore is of top degree in dzj according 
to Proposition II.dl it is most reasonable to expect also this product to 
be of top degree in dzj, but because of the factor G that is 

apparently not possible unless the product vanishes. This is indeed the 
case, as follows from Lemma o The second, third and fourth terms 
have analytic continuations as t/'f* A i?h-i A... A ^ jjf a RA a ... A RA 
and —U^ARA-^ A.. .ARA^ respectively, by Lemma ITTl The remaining 
terms vanish according to Lemma fd.dl Hence 

VfiU^ AV) = ^UA A RA-^ A...ARA 

- a RA-^ A...ARA-U^ARAa...A RA) = 

V-U^ + U^ARAa...A RA. 

Finally, the term U-^ A RA A ... A RA vanishes by Lemma |S3 and thus 
taking the lemmas Id.ll to im for granted, the theorem is proved. □ 

What remains is the technical part, to prove the lemmas. We have 
tried to put them as simply as possible. Still the formulations may 
seem a bit strained though. Hopefully, the remarks will shed some 
light on what matters. We will use the word codegree for the difference 
between the dimension n of X and the degree. 

Lemma 3.1. Let / = /i © • • • © /r be a section of E* = Q) ■ ■ ■ (B E*. 
Assume that f is a complete intersection. Let s < r and r' < r. If 
h = f, or if h = fi for some i > s, then 

(3.4) A.. .A\fs+i\^^uA+^Ad\fs\^^AuAA.. .Ad\fi\^^AuA 

has an analytic continuation to Re A > —e, which for X = f) is equal to 
the current IfA' A ... A UA+^ A RA A ... A RA . 

Moreover, 

(3.5) 

A. . .A|/s+i|^^M'^'’+^A9|/s|^^AM'^''A. . .A9|/i|^^AM'^^ 

has an analytic continuation to Re A > —e, which for X = Q is equal to 
the current U-f A LfA' A ... A UA+^ A RA A ... A RA . 
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Remark 1. The crucial point is that inserting a factor has no effect 
on the value at A = 0, as long as 

codim {h = 0} n y* n ... n Fi > codimfl ... fl Yi, 

since then all possibly “dangerous” contributions to the current will 
vanish for degree reasons as in the proof of Proposition II.dl There 
might be a more general formulation of the lemma that catches this 
behaviour better. Nevertheless, for the proof of Theorem II.51 it suffices 
with the cases above. □ 


Proof. We give a proof of the first claim of the lemma. The second one, 
concerning (unD, can be proved along the same lines. 

For a compactly supported test form 0, we consider 

j \h\^^\fr'\ A... AI/,+iIAa|/,1AA... Aa|/i1AA0. 

After a resolution of singularities as described in the proof of Proposi¬ 
tion EH for Re A large enough, this integral is equal to a sum of 


(3.6) 


'2V,^A...A|/i,+i'2"''" 






s+l 


Q^s+1^+1 


A 


A A ... A a(lpip^ai) A 




Ri 


A0, 


where the afs are strictly positive functions, the /afs are polynomials 
in some local coordinates tj, the are smooth forms and f is as in 

the proof of Proposition 12. II The existence of the analytic continuation 
to Re A > —e follows from Lemma EH as before. 

Our aim is to prove that the factor does not affect the value 
at A = 0. Let a be one of the coordinate functions that divides /r^. 
When expanding each factor d{\fij\‘^^aj) by Leibniz’ rule we get two 
different types of terms, integrals with an occurrence of a factor 
for some a, and integrals with no such factors. In the second case the 
extra factor |crp^ does no harm, since, in fact, the value at A = 0 is 
independent of the number of |crp^’s in the numerator as long as there 
is no a in the denominator. Furthermore, we claim that each integral 
of the first kind actually vanishes at A = 0. The argument is analogous 
to the one in the proof of Proposition II.31 Let us first consider the case 
when h = f. Observe that the terms in (D are of degree at most 
nil + • • • + rrir' — r' + s<m — 1 in dzj, where m = rrii -f ... -|- m^. The 
crucial term -1 appears because of the (at least for the proof) necessary 
condition that r < s, that is that we have at least one factor U. Thus, 
it is enough to consider test forms of codegree in dz at most m — 1. 
We assume that 0 = 0/ A dzj, where 0/ is a smooth (n, 0)-form and 
dzi = dzi^f\.. .Adzjj^ where p > n—{mi+.. .-|-mr)-|-l. Now, dzj vanishes 
on the variety F = /“^(O), since it has codimension m, and accordingly 
Il*{dzi) vanishes on F = n~^F, and in particular on {a = 0}. Since 
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it is a form in dfj with antiholomorphic coefficients, each of its terms 
contains a factor d or da, see the proof of Proposition II.HE . and so in 
both cases the cr-integrals vanish according to Lemma f2.21 

In the second case, when h = fi, the proof becomes slightly more 
complicated. We want to prove that the cx-integral vanishes due to the 
occurrence of a factor d or dd as above, but now the desired factors d 
and dd do not necessarily divide the test form 0. We need to look at 
a “larger” form than (j), in fact at the “largest” possible “cx-free” form. 
Without loss of generality we may assume that, for some numbers s' 
and r', 1 < s' < s < r' < r, cr divides ^s'+i, ■ ■ ■, ^J^s and fir'+i, ■ • •, /^r 
but neither pi,..., nor ps+i,..., Recall that 
where = s* A Let the smooth form 

n/; A ... A A A n// A ... A d\fi\'^ A 

be denoted by Fi, and let 

y' = {fs'+l = ... = fs = fr'+l + .../, = h = 0}. 

As above we may assume that (j) consists of only one term 0/ A dzi. 
Then, by inspection, the form Fi A dzj is of codegree at most 

rUs'+i + ... + rris + + ... + — r + r' 

in dzj, which is strictly less than 

codim Y' = ms'+i + ... + mg + rrir' + ... + nir + rrih, 

because of the assumptions of complete intersection. Consequently 
Fi A dzi vanishes on Y', and thus 11*A dzj) vanishes on n~W', and 
in particular on {a = 0}. Since it is a form in dfj with antiholomorphic 
coefficients, each of its terms contains a factor ct or a factor dd. Using 
that we can write (jd.fijl as 


± 




r' + l 


f 

hp 

ad/i.l'V) A ^ A ... A ad/i^.+il'V) A 


V'+i 

Pr'+l 


A 




s' + l 




M '>' + 1 

hs'+l 


A 


Ihr'P^ar' ■ 

' ■ ■ 


■ Ihs+lpA+i 


A' 




|2A„(A-1) 

Lt / 


■■■Ihi 


2A„(A-1) 

CLi 


|p,,p(A'+b---|hip(A+i) 


n*(F,) A0, 


where the sign depends on the relation between r, r', s and s'. Now 
the only way a factor d in the numerator (more precisely in 11* (F^) A 
0) could be cancelled out when A is small is by the occurrence of a 
factor d in one of pi,..., /i^/, but that would obviously contradict the 
assumption made above. Hence each term in the integral must contain 
a factor d or dd independently of the value of A and thus the cr-integral 
vanishes according to Lemma f2.21 □ 
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Lemma 3.2. Let / = /i© - • - ©/r be a section of E* = - ■ - (SE* of 

rank m and let h = f (B f, where f is a section of the dual bundle of a 
holomorphic m'-bundle E'. Assume that h is a complete intersection. 
If r > s, then 

(3.7) 

has an analytic continuation to Re A > —e that vanishes at X = 0. 

Remark 2. Notice that the value at A = 0 corresponds to the current 
R^/\UR R.. X.. .ARh\ Since h is a complete intersection, 

R^ is of degree m+m' in dzj according to Proposition II .31 and therefore 
it is reasonable to expect also the product to be of degree m + m' in dzj. 
However, since the product contains at least one principal value factor, 
the degree in ej must be strictly larger than the degree in dzj, and so, 
the product must vanish. We will see that the assumption that r > s 
is crucial also for the proof. □ 

Proof. After a resolution of singularities as described in the proof of 
Proposition 12.11 we can write ()3.7j) integrated against a test form 0 as 
a sum of terms of the type 


(3,8) 




Rh 


d{\R 


n V) A 


Rr 
^sls 


s+l 


Q^+1A+i 

R^stl 


A 


R\ 


A... Aa(|/ii|"^a^) A0, 

Ri 


where the ai/fs are smooth forms of degree in e^, the afs are non¬ 
vanishing functions and the /ids are monomials in some local coordi¬ 
nates Tk and 0 is as in the previous proofs. 

We expand the factor d{\pih\^^o,\) by Leibniz’ rule and consider the 
term obtained when d falls on |crp^, where a is one of the r^-’s that 
divide Hh- We prove that this term vanishes when integrating with 
respect to a. The term that arises when d falls on clearly vanishes 
as before, see the proof of Proposition 12.11 Since the rank of © 
LI' is m + m', the terms in (HID are of degree at most m + m' — 
1 in dz, since we have at least one [/-factor. Thus it is enough to 
consider test forms of codegree in dz at most m + m' — 1. As in the 
previous proofs we may assume that 0 = 0/ A dzj. It follows that dzj 
vanishes on H = h“^(0) for degree reasons, and thus Il*{dzi) vanishes 
on Since this is a form in dr, with antiholomorphic coefficients, 

each of its terms contains a factor d or da and consequently the a- 
integral vanishes according to Lemma |2]2l □ 
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Lemma 3.3. Let / = /i © • • • © /r be a section of E* = El® ■■■ ® E*. 
Assume that f is a complete intersection and let s < r. Then 

(3.9) 

. .A|/,+,|“U-+‘a9|/,|“aU*a. . .a9|/,|“a. . .a9|/i|“aU‘ 

and 

(3.10) A \ A ... A A 51/^1^^ A 

have analytic continuations to Re A > —e that vanish at X = 0. 

Remark 3. Morally, what this lemma says is that when applying Leib¬ 
niz’ rule to V/ acting on a product of principal value and residue cur¬ 
rents, there will be no contributions from V/ falling on a residue factor. 
Of course this is expected, since the residue currents are V/-closed. □ 

Proof. For (m the result follows from Lemma o after an integration 
by parts with respect to V/. (Recall that 0 is a form taking values in 
j\n-(.E /\ A^E*.) Note that d\ft\'^^ = — V/|/ip^. By Stokes’ theorem, 

j A ... A A d\fs\‘^^ A A ... 

... AV/|/t|2^A... Aai/ip^An^i A0 = 

± j{\ft\^^ - 1)V/(|M2V^ A ... A l/.+il^V^+^A 

d\fs\‘^^ A A ... A d\fi\‘^^ A A 0), 

so it is enough to prove that this expression vanishes at A = 0. For 
degree reasons it will vanish if V/ acts on 0, so let us consider the form 

(3.11) V/dM^V-'A.. .A|/,+i|2V«+iA a|/02"An^^A.. .Ad\h\^^Auf^). 

Now, applying Leibniz’ rule gives a sum of terms, of which the ones 
arising when V/ falls on a principal value term will vanish for degree 
reasons, whereas the others will be precisely as in the hypothesis of 
Lemma o Moreover ft is an h of the second kind, so according to 
Lemma o the factor l/tp'*’ does not have any effect on the value at 
A = 0. Thus we are done. 

In the case of (Umi), after an integration by parts, we have to prove 
that 

j d/td" - i)V/(i/dv A i/.dV’- A... A i/,+idV“+^A 

Au^^ A ... A 0|/id^ A A 0) 

vanishes at A = 0. The term when V/ falls on the factor \f\^^uk is 
of the type in Lemma 13.21 It is easy to see from the proof that the 
factor does not affect the value at A = 0 and so this term vanishes. 
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The remaining part is as in the hypothesis of the latter statement of 
Lemma EH thus the result follows as above. □ 

Lemma 3.4. Let / = /i © • • • © /r be a section of E* = Q) ■■■ 0) E*. 
Assume that f is a complete intersection. Let h = - ■ -0) fi^, where 

/ = {/i,... ,/p} C {1,... ,r}. Then 

(3.12) Ihl^V A d\fr\^^ A A ... A A 

has an analytic continuation fo ReA > —e that vanishes at X = 0. 

Remark 4. The value at A = 0 corresponds to the current A /?b a 
.. Since the i?-part is of top degree according to Proposition 1 1.31 

this product should formally vanish by arguments similar to those in 
Remark El □ 


Proof. As in the proofs of the previous lemmas we start by a resolution 
of singularities. Thus, the form (ITT^ integrated against a test form 0 
is equal to a sum of terms of the type 


(3.13) 


Rh 






)A^A...A0(|/i, 
TV 


|2V)A^A0, 

Ti 


where a*, Hi and 0 are as above. Further, we can find a reso¬ 
lution to a certain toric variety so that locally one of the monomials 
yUi,... ,/ir divides the other ones. Without loss of generality we may 
assume that pi divides all /ij’s. We expand 0(|/iip'^a}) by Leibniz’ 
rule. The term obtained when d falls on a\ vanishes as in the proof of 
Proposition 12. II so it is enough to consider the terms that arise when d 
falls on |cTp^, where a is one of the coordinates in pi. 

We claim that the a-integral vanishes at A = 0. As usual, we observe 
that the terms of (ITT^ are of degree at most m — 1 in dzj., where the -1 
in this case is due to the factor so it suffices to consider test forms 
of codegree at most m — 1. We assume that 0 = 0/ AdA/, where 0/ is an 
(n, 0)-form and dzi = dA/j A ... A dzj^, where p < n — m + I- Then dA/ 
vanishes on the variety Y = f~^{0) for degree reasons, and accordingly 
n*(dA) vanishes on and in particular on {cxi = 0}. By arguments 

as in the proof of Proposition II.31 it follows that n*(dA) must contain a 
factor d or da since it is a form in dr^ with antiholomorphic coefficients, 
and hence the a-integral vanishes as before. □ 


4. An example 

We conclude this paper with an explicit computation, by which 
we enlighten the possibility of extending Theorem 11.41 to a slightly 
weaker notion of complete intersection. Indeed, when generalizing The¬ 
orem o or rather its line bundle formulation (Hini), to sections of bun¬ 
dles of arbitrary rank, it is not obvious how one should interpret the 
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assumption of / being a complete intersection. In the formulation of 
Theorem oi we require the codimension of / ^(0) to be equal to the 
rank of the bundle E. A less strong hypothesis would be to just demand 
the /j’s to intersect properly, that is, that codim/“^(O) = pi + .. .+Pr if 
Pi = codim/j. However, the following example shows that Theorem II .41 
does not extend to this case. 

Example 1. Let fi = zf, f 2 = ziZ 2 and g = Z 2 Z 3 . Then 

Yf = f-\0) = {^1 = 0}, Yg = g-\0) = {Z 2 = 0} U {^3 = 0}, 

and Y = Yf DYg = {zi = Z 2 = 0} U {zi = z^ = 0}. 

Note that Yf and Yg have codimension 1, and that Y has codimension 2. 
Thus / and g intersect properly, although they do not define a complete 
intersection. 

Let us compute (i?-f A R^) 2 - Adopting the trivial metric we get 

= /iCi + 12^2 = Zi{ziei + ^ 262 ) and |/|^ = l^il^d^il^ + |^ 2 p), 
so that 

/ ZiCi + ^2^2 

q 1'^ _ 

' ^i(kiP+|;^2n' 

Let 0 be a test form of bidegree (3,1) with support outside {z 2 = 0}. 
Then f\ W .(j) is given by 


I a(|^,U(|2i|U|22p)")A 


ZiCi + 2:262 

a(|aP + \Z 2 \‘^) 


Ad\z2Z3\‘^^ A-^ A(j)\x=o = 
Z 2 Z 3 


f ^ 

-1 - 

-1 ■ 


-1 - 

r 

-2:1- 

-^ 2 - 

A d 

.2:3. 


A 62 A 63 A 0 . 


Note that the support of the current is on the 2 ; 2 -axis, as expected 
since 0 has support outside the 2 : 3 -axis. 

To deal with test forms with support intersecting {z 2 = 0} we need 
to resolve the singularity of / at the 2 ; 3 -axis. Let U be the blow-up of 
along the 2 ; 3 -axis and let H : W —be the corresponding proper map. 
We can cover U by two coordinate charts. 


^1 = {(a, T2, Z3); (ti, rir2, Z3) = z e C^} 

and Q2 = {(<Ti, 0-2, Z3); (ai(T2, ui, Z3) = z e C^}. 


In Hi 


U*ui = 


ei + r 2 e 2 

rlil + \r2?y 
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and thus 


(4.1) 

^n*/ 


d\n\^^ A 


Cl + T2e2 

W+W) 


A d\TiT 2 Z 3 \‘^^ A 


63 


d 


Lrr 


A 


ei + TsCa 


A d 


T1T2Z3 
1 


A=0 


rf(l + |r2|2) Lr22:3 


A 63. 


Let 0 be a test form of bidegree (3,1); we can write 0 as 0/ A dz, where 
dz = dzi A dz 2 A dz^ and 0/ = Lp^{z)dzi + (f‘^{z)dz 2 + (p^{z)dz 3 . Now 
j A W A (j) = R^*'^ A R^*^ A n*0. To compute the contribution 

from the chart ffi, let 0 = xn*0, where x is a function of some partition 
of unity with support in ffi. We may without loss of generality assume 
that X only depends on |rj| and also that x(0, 0, ; 23 ) = 1. Then we get 
that R^*^ A is equal to 


2 

3 


d 


LTLJ 


AeiA0 


Lr2J LZ3 
’ ^ 3 


Ae 3 Ax 92 ^(ri, rir 2 , Z 3 ) dz 3 AdTiAd(TiT 2 )Adz 3 


(27ri) - / <y9i(0,0, 2:3)—ei A 63 A d^3 A (i^3 = 


^3 


2 

3 


f s 

-1 - 


-1 - 

-1 - 

r 


A d 

- 2 : 2 - 

-2:3. 


A Cl A 63 A 0, 


where we have used the well known fact that 

(4.2) 



- 1 ■ 

/ B 


L 

-ZP. 


9 7^7 /^P ^ 


(p — 1 )! dzP~ 

Computing R^*-^ A R^*^ in f 22 gives yet another contribution. Alto¬ 
gether we get 


(R^ A R% = -B 


- 1 - 

-1 ■ 


- 1 - 

-2(1- 

-^2- 

A d 

- 2 : 3 - 


/\ 62 /\ 63 




- 1 ■ 


- 1 - 

- 1 ■ 


A d 

-^ 2 - 

- 2 : 3 - 


A ei A 63 -h -0 


- 1 ■ 


- 1 - 

-1 ■ 

-Zi- 

A d 

72 
IZ 2 -1 

-^3- 


A 62 A 63 


Similar computations yield 


/l2 — 


- 1 - 


- 1 - 

- 1 ■ 

lifJ 

Ad 

- 2 : 2 - 

-^ 3 - 


A 61 A 63 — 0 


- 1 - 

- 1 ■ 


- 1 - 

-Zi- 

72 
LZ 2 J 

Ad 

-^ 3 - 


A 62 A 63. 


For details, we refer to ng. See also Theorem 5.2 in [ini- 

To conclude, R^ A R^ 7 ^ R^®^, and hence Theorem 11.41 does not 
generalize to the case of proper intersections. □ 
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